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We present numerical results of the effect that the driving force has on the clogging probability of inert
particles passing through a bottleneck. When the driving force is increased by four orders of magnitude, the mean
avalanche size remains almost unaltered (increases 1.6 times) while the flow rate and the avalanche duration
display strong dependence on this magnitude. This indicates that in order to characterize the ability of a system to
clog, the right variable to consider is the number of particles that pass through the outlet. The weak dependence
of this magnitude on the driving force is explained in terms of the average kinetic energy of the flowing grains
that has to be dissipated in order to get an arch stabilized.
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I. INTRODUCTION
When a group of particles pass through a bottleneck,
clogging may happen if the size of the orifice is just a few
times larger than the particles. Clogging, which is due to
the development of arches that prevent the free movement of
particles, is a generic phenomena with dramatic consequences
in a wide variety of fields of science. The simplest example is a
silo or the humble salt cellar, which has to be shaken to pour the
salt. At a smaller spatial scale, clogging leads to intermittent
flow when a dense suspension of microparticles passes through
a constriction in a microchannel [1,2]. This behavior is also
observed when electrons on the surface of liquid helium pass
through nanoconstrictions [3,4]. Clogs of humans are also very
important as they are behind tragedies like the one occurred at
Hillsborough stadium (Sheffield, England) in 1989 [5].
Clogging in all these different systems shares strong
similarities. For instance, it has been shown that a sufficiently
high density of particles per unit area near the bottleneck is
needed to observe clogging in suspensions [1,6], silos [7], and
crowd dynamics [5]. Traditionally related with the density is
the effect of pressure in clogging. Clogs of humans, indeed,
are exclusively reported in panic situations, when people
impulsively push each other in their wish to reach the exit. A
practical solution which seems to release such pressure is the
placement of an obstacle just in front of the outlet. Indeed, this
strategy has been proved to be efficient in clogging prevention
for both silos [8] and room evacuation [5,10–12].
Another feature that is found for the passage of particles
through bottlenecks is the “faster-is-slower” behavior. For the
case of humans, the social force model suggests that there is
a nonmonotonous dependence of the flow rate on the desired
velocity of the pedestrians [5,9,13,14]. The flow rate increases
with the desired velocity for low values of this parameter but
beyond some point, when the desired velocity is too high,
the flow rate starts to decrease. Although this phenomenon is
widely accepted, there is not solid experimental evidence of
it [15]. For the case of ants, recent experiments show that the
faster-is-slower effect does not exist [16].
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A behavior analogous to this has been found for suspensions
of particles [1], but in this case the driving force is the
pressure drop applied to suck the suspension. Interestingly,
this behavior has never been reported for silos where the flow
rate is proportional to the square root of the gravity (√g)
[17]. This dependence was explained by assuming that the
particles fall freely under the action of gravity from a height
proportional to the size of the outlet [18]. Recent experimental
results reported a dependence of the particle velocities on the
outlet size, which is compatible with this idea [19], and a
proof of the dependence of the flow rate on √g by varying
the force in a centrifuge [20]. Nevertheless, none of these
experiments has studied systematically the effect of driving
force on clogging. Given that clogging is a key ingredient to
the eventual development of the “faster-is-slower” behavior,
tackling this problem is of fundamental interest.
In this work, we report numerical simulations of the
discharge of inert grains from a silo by gravity. We fixed
the outlet size at 3.5 times the diameter of the particles to
assure the development of clogs [21–27]. The flow rate and
the avalanche size are measured for different gravities and the
particles’ mass. This allows us to prove that the avalanche size
monotonously increases with the average kinetic energy of the
particles at the exit, contradicting the faster-is-slower behavior.
II. SIMULATIONS
We use soft-particle molecular dynamics simulations of
monosized disks in two dimensions. The restoring force in
the normal direction of collision depends linearly on the
particles overlap ξ = d − rij , with stiffness kn = 105(mg/d),
where d = 1 mm is the particle diameter, m is the mass,
and rij is the distance between the centers of the particles.
Additionally, there is a dissipative force proportional to the
relative normal velocity of the colliding grains, with damping
parameter γn = 300(m
√
g/d). We implement static friction
placing a spring in the direction tangential to the normal
joining of the centers of the particles [28]. The elongation
of this spring is obtained by integrating the relative velocity of
the surfaces in contact. The parameters are kt = (2/7)kn and
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γt = 200(m
√
g/d). The friction coefficient is set to μ = 0.5,
and the gravity is set to  times the values of g.
The simulation protocol is as follows. A flat-bottomed
rectangular silo of width 18d is filled with 35 layers of grains,
which fall freely from a height much larger than their size.
The side walls of the container are smooth, while the base
is formed by fixed grains at mutual distances of 0.5d. Once
the grains in the silo come to a rest, a hole is opened at the
center of the base and the particles start to flow. The time at
which each particle passes through the orifice is registered and
these grains are relocated at the top of the silo in order to
keep a constant height of the granular layer. A clog is detected
when the kinetic energy of the system falls to the value it
had before opening the hole (the difference amounts to several
orders of magnitude) and remains under this value for 20 000
time steps. Then the avalanche size, defined as the number of
particles that flow through the outlet between two consecutive
clogs, is measured. Finally, the flow is resumed by removing
three of the grains conforming the blocking arch.
Several series of experiments (consisting of at least 1000
avalanches each) have been performed for different values of
. In order to optimize the computing time, we use a primary
integration step δ = 10−4√d/g for simulations with   1.
For   3 the integration step is reduced to δ/3, and for
simulations at   6 and   10 we use a step of δ/6. For
simulations at   10−3 we increase the time step to 10δ.
III. RESULTS
In Fig. 1(a) we present the results of the average flow rates
〈q〉 obtained for particles with mass m = 1 and different values
of . The flow rates are measured—in number of particles
per second—for every avalanche discarding the first and last
10 particles of the avalanche. This is to avoid any possible
influence of a transient regime, although we have checked
that the results obtained considering the whole avalanche
are essentially the same. Then, the average flow rate is
calculated from all the avalanches obtained for the same value
of . As expected [17–20], the flow rate increases with
√
.
Remarkably, the deviations from this behavior are found to be
negligible over four orders of magnitude of the driving force.
From these results it can be concluded that the granular case
does not show the “faster-is-slower” behavior.
The next step is exploring the effect of  in clogging as
“faster-is-slower” behavior is typically related with develop-
ment of clogs and flow intermittencies. A readily accessible
parameter that is related with clogging is the mean avalanche
size 〈s〉. In fact, the distribution of avalanche (burst) sizes has
been reported to decay exponentially both in the case of the
silo [22] and in mice exiting a very small room [29]. This
exponential—which can be explained by random alternation
between particle and gap propagations [30] and also described
in terms of a probabilistic model [22]—is characterized by the
mean avalanche size 〈s〉. In Fig. 1(b) we report the results of
the mean avalanche size 〈s〉 vs . Interestingly, the dependence
found is extremely weak: The driving force has to be increased
in four orders of magnitude to obtain an augment of 1.6 times
of 〈s〉. Indeed, the avalanche size is finite for  → 0 (around
31 particles for this particular outlet size) [31]. Then, as  is
FIG. 1. (Color online) Logarithmic plots of (a) the average flow
rate, (b) the mean avalanche size in number of particles, and (c) the
mean avalanche duration vs the rescaled value of the acceleration 
for particles with mass m = 1. In panel (a) the solid line represents a
fit with the expression 〈q〉 = ab where a = 454 ± 4 and b was
set to b = 0.5. In panel (b) the solid line represents a fit with
the expression 〈s〉 = 〈s→0〉 + cd where 〈s→0〉 = 31.0 ± 0.3, c =
5.5 ± 0.4, and d = 0.50 ± 0.1. In panel (c) the solid line is obtained
from the fittings of panels (a) and (b) estimating 〈t〉 = 〈s〉/〈q〉:
〈t〉 = 0.0121 + 0.0683−0.5. In the inset of panel (b) the straight
line obtained when representing 〈s〉 vs 0.5 shows the goodness of
this fit.
increased there is a monotonous augment of 〈s〉, which seems
to be algebraic with an exponent of 0.5.
If we consider the important dependence of the flow rate
on  and the (almost) negligible effect observed on the mean
avalanche size, it follows that the mean avalanche duration 〈t〉
has to be modified accordingly. In Fig. 1(c) it is evidenced that
the avalanche duration diverges towards infinite as  → 0.
Taking into account the fittings of Fig. 1(a) and Fig. 1(b),
the functional dependence of 〈t〉 on  can be estimated as
〈t〉 = 〈s〉/〈q〉 which is depicted in Fig. 1(c).
From the results displayed in Fig. 1, it can be concluded
that clogging is controlled, primarily, by geometrical factors.
Surely, despite the evident influence that changing the gravity
has on the flow rate and the contact forces [32], the avalanche
size distribution is barely affected. This suggests that the
number of beads passing through the orifice is the relevant
magnitude in order to characterize the clogging configurations
occurring above the outlet. On the contrary, the duration of the
avalanche by itself does not seem to be a useful magnitude to
describe the clogging process as it is strongly affected by the
flow rate. Having said that, it is obvious that the avalanche size
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FIG. 2. (Color online) (a) Number of broken arches (NBA) with
respect to the initial number of arches analyzed (NBA). Squares ()
represent the results obtained when  is increased from 0.11 to 11
and triangles () represent the results obtained when  is reduced
from 11 to 0.11. In all the cases the mass of the particles was m = 1.
(b) Probability that an arch is broken at a given value of  for ()
increasing and () decreasing .
is also weakly affected by the gravity, and in what follows we
investigate the physical mechanisms behind this behavior.
A first hypothesis that we consider is that arches could form
independently on  but only some of them are able to resist
the weight of the granular layer when gravity is increased.
With the aim of checking whether this idea is plausible, we
carried out additional simulations to check the stability of the
arches formed at  = 0.1. The protocol is the same as the one
explained above, but once an arch is formed, we do not destroy
it. Instead, we quasistatically increase gravity in steps g =
0.001 each 20 000 time steps. If the arch breaks spontaneously,
we record the value of , and a new experience is performed
setting back gravity at  = 0.1. In order to avoid prohibitively
long runs, if the arches do not break spontaneously, the runs
are stopped for  = 11. Another series of experiments is
performed using the same protocol but decreasing ; i.e., we
take arches initially formed at  = 11 and reduce this value
up to  = 0.1 (minimum). In both series of simulations the
stability of around 300 arches is analyzed. In Fig. 2(a) we
display the number of broken arches (NBA) divided by the
total number of initial arches analyzed (NT A) when increasing
and decreasing . From these results, the probability that an
arch is broken at a given  can be easily obtained [Fig. 2(b)].
Surprisingly, the outcomes obtained for both processes are
very similar. The probability of breaking an arch decreases
when the gravity is increased. This implies that the increase of
the mean avalanche size with  obtained in Fig. 1(b) cannot
be attributed to an arch stability that depends on . On the
contrary, as the gravity is greater, the arches become stronger.
FIG. 3. (Color online) Logarithmic plot of the mean avalanche
size vs the mass of the particles obtained for  = 1. Inset: lin-log
plot of the flow rate, in number of particles per second, for  = 1 and
different values of the mass of the particles.
Another hypothesis to explain the increase of the avalanche
size with gravity displayed in Fig. 1(b) can be based in
kinematic effects. Increasing the gravity leads to an augment
of the velocity of the particles (v) in the same proportion
than the flow rate (q ∝ v ∝ √g) as evidenced in the inset of
Fig. 4 and previously reported in Refs. [17,19,20]. Thus, the
velocity increase could lead to a reduction of the probability
of forming an arch, with the corresponding increase of the
avalanche size. Indeed, the velocity of the particles determines
the time that the particles spend in the region of clogging.
But it also affects the momentum of the particles and their
kinetic energy near the orifice. In order to unveil which of these
parameters (velocity, momentum, or kinetic energy) is behind
the clogging reduction, we performed simulations varying the
mass of the particles and keeping constant the stiffness [33]
and  = 1. As expected, the flow rate in number of particles
per second does not depend significatively on m (inset, Fig. 3).
Nevertheless, the avalanche size increases monotonously with
m, revealing that clogging depends on this parameter in a way
similar to the way it does on the gravity.
FIG. 4. (Color online) Mean avalanche size, measured in number
of particles, vs
√
m〈q〉2. As shown in the inset 〈q〉2 ∝ 〈v2〉, where
v is the velocity of the particles at the orifice. Then, m〈q〉2 is
proportional to the kinetic energy of the particles at the orifice.
Squares () represent the results obtained when varying  (and
then q) and diamonds () represent those when varying the mass
of the particles. The dashed line corresponds to the following
expression: 〈s〉 = 31 + 0.0121√m〈q〉2 which is obtained from the
fitting expressions of Figs. 1(a) and 1(b).
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In Fig. 4 we present all the results of 〈s〉 vs
√
m〈q〉2, which
is proportional to the square root of the kinetic energy of the
particles at the exit as 〈q〉2 ∝ 〈v2〉 (inset of Fig. 4). The good
collapse obtained—which is not achieved when plotting 〈s〉 vs
m〈q〉—strongly suggests that the physical magnitude behind
clogging reduction by increasing gravity or particle density
is the averaged kinetic energy per particle. This dependence
can be explained because in order to get an arch completely
stabilized, the kinetic energy of all the particles in the system
has to be dissipated through collisions. Assuming that (1) the
kinetic energy of the grains is related to the total kinetic energy
in the system, (2) the higher the kinetic energy, the longer it
takes to the system to freeze, and (3) during this time is when
an arch can be destabilized, it seems reasonable that increasing
the kinetic energy augments the avalanche size.
IV. CONCLUSIONS
In summary, we report numerical results of the flow rate
and clogging of inert particles through an orifice when varying
the driving force. We show that as the gravity increases, the
flow rate becomes faster and the avalanche duration becomes
smaller. The avalanche size, measured in number of grains,
shows a very weak increase with gravity, which is attributed
to the time that the system needs to dissipate all its kinetic
energy. These results seem to contradict the “faster-is-slower”
behavior, at least for the case of inert grains discharged from
a silo. At this point it should be stressed that there is a crucial
difference among the system explored in this work and the flow
through bottlenecks of suspensions or pedestrians. Once a clog
is formed, and all the energy in the system is dissipated, clogs
in a silo are forever stable. Complete dissipation of energy,
however, cannot be attained in suspensions (where clogs can
be broken by the perturbations introduced by the fluid) or
active matter (where clogs break up without external energy
supply). Having this in mind, the results of this work suggest
that “faster-is-slower” behavior (if it exists) should be related
to the ability of the system to break up the clogs. Indeed, if
the probability that an arch is broken decreases with  (as
shown in Fig. 2), in clogs of suspensions or active matter it
is expected that an increase of the driving force would lead
to an augment of the time needed to resume the flow once
a clog is formed. This idea has been already suggested for
the case of suspensions [34] and vibrated silos [35]. The
latter resemble suspensions and active matter as complete
dissipation of energy cannot be attained and arches can
be shattered. The fact that in vibrated silos with small orifices
the flow rate is mainly governed by the unclogging time
[36,37], gives robustness to this proposal.
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